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ABSTRACT

For Aeo(A4) (A4 a bounded linear operator on a Hilbert space) with 4 a boundary
point of the numerical range, the ‘spectral theory’ for 4 is ‘just as if 4 were nor-
mal’. If 4 is normal-like (the smallest disk containing o(4) has radius
r=inf; |4 — z[), then also sup {| Ax|2 —|{x.4xDP:|jx[|=1} =r2,

1. For any bounded subset S in the plane, it is easy to see that there is a
unique closed disk D,, = {p: ] p— ql < r} containing S with minimal radius
r = r(S). For any bounded normal operator A acting on a Hilbert space H

§)) inf {|| 4i— zi|: zaIC} = r(o(A4)).

We will call any bounded linear operator A normal-like if it satisfies (1). If we
write
A, = A—z, n(4,) = inf{

| 4. %}
(we will show that the inf in computing n, is attained uniquely) then (1) becomes
ny(4) = ri(a(4)).

For any bounded linear operator A: H — H, define y(4;x) for xe H with
|x] =1 by
y(4;x) = | Ax|* - I(Ax,x)]z.

Direct computation shows that y(4,; x) = y(A4; x) where, as above, 4,x = Ax — zx
for scalar z. It is then immediate that y(4) < n,(4), where

x| =1}
Recently, Z. Nehari pointed out to the author the inequality y(4) £ n,(4)
and raised the question: For which bounded linear operators 4 does one have

) sup {|| Ax |> — |<x, Ax}|*: x€H, | x| = 1} = nu(4)

7(4) = sup{p(4;x): xeH,
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(i.e., p(4) = n,(4))? V. J. Mizel showed [2] that (2) holds for hermitian matrices.
The object of this paper is to show that (2) holds for normal-like operators on
any Hilbert space H. It should be noted that (2) certainly does not characterize
normal-like operators—direct computation shows that (2) holds for every 2 x 2
matrix 4 (i.e., H 2-dimensional) and there is reason to believe that this may be
the case for infinite-dimensional H as well. Thus, this paper must be viewed as
a partial result in this direction. Although a lemma in the present context, Theorem
1 has been so dignified as it seems of some interest in its own right,

2. Let A be any bounded linear operator in the Hilbert space H. Since the
function z - ¢(z) = || 4,||* from C to R is continuous and as we may clearly
restrict our attention, in computing inf,{¢(2)} , to the compact set {z:|z| < 2|| All},
the infimum will certainly be attained. We show that ¢ is strictly convex from

which it follows that the inf is uniquely attained; let z(4), then, be the unique
complex number such that ny(4) = | 4,4 [*.

LEMMA 1. The function z — |A—z|? is a strictly convex function of z.
Proof. Given xeH with | x| =1, u, veC, ¢, s€(0,1) with t +s = 1, let
, = Ax —ux, x, = Ax —vx, ¢(z;x) = || 4,x[|*. Then
[l + 1% 2 = 2Re o) = [xu = x| = [u~of*
and
P(tu + sv;x) = |tx, + sx,|?
to(u; %) + s¢p(v;x) — ts|u — v|?.

Thus, since ¢(z) = sup{p(z;x): x€H, | x| = 1}, one has
$(tu + sv) < td(u) + s$(v) — ts[u — v

so that ¢ is strictly convex. |

Let 0,(A) be the set of spectral points of A on the boundary of the numerical
range; ie., 0,(4) = o(4) N dw(4) where w(d) = {{dx,x):xeH, ||x| =1}.
We show that the ‘spectral theory’ for points in o,(A4) is just as in the case of
a normal operator. More precisely, we have the following results.

THEOREM 1, Let Ay o,(4). Then

(a) Ao is in the approximate point spectrum of A,

(b) if {x,} is an approximate eigenvector (aev) of A then it is also an gev
of A*,
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(©) if A # Ay is also in the approximate point spectrum of A and {x,}, {y,}
are aev’s associated with Ay, A respectively then they are ‘ultimately orthogonal’,

(d) the index of Ay is 1 s0, if | x,| =1 and |(4 — A9)"x,| = O for some
m 2 2, then | (A — Ag)x,| — 0 and {x,} is an aev of A associated with .

Proof. As o(4) < w(4), A, must be a boundary point of 6(4) and so is in
the approximate point spectrum of 4. Now w(4) is a convex set in C and, as every
real-linear functional on C is of the form z — ly(z) = Refz with | ;|| = |6],
there is, by the Hahn-Banach Theorem, a complex number 6 with IOI = 1 such
that Refz = Refl for zew(4). Replacing the operator 4 by 6(4 — A,), there
is no loss of generality in assuming, for the remainder of this proof, that 1, = 0
and 8 = 1 so 0eo,(4) and

() Re {(4x,x> =2 0, xeH.
If, now, uxu = 1, we have (setting o« = 1/2 "A” and y = x — ad*xso Uy[] <312
0 = Re{4y,pd = Re{dx,y) — aRe44*x,x) + o Re{44*, x, A*x)
< [ax] ] —aldnx |t + o 4] [ asx]?
< 3] dx ]2 - ot — o A | 4% | = G ] Ax | - o Jasfp2
whence
(**) |4 = vela]f4x], i [x]=1.

This gives (b) on Putting x = x,. If [ x| = [ y| = 1 with | 4x], [4iy] se,
then
| <4y, %) = (4,5

[yl 4|+l ay] x| = Vo[ 4]e+s.

Thus if |x,| = |».| =1 and | 4x,| -0, || 4,y,] = 0 with 1 # 0, one has
{VmXny = 0 s0 the aev’s {x,}, {y,} are ultimately orthogonal. Suppose, for some
mz2, |A™,| - 0. If | 4" 'x,|| + 0, then (taking a subsequence if neces-
sary) we could set y, = A" ’x,/| A" %x, | and have || y,|| =1, l4y.| 28>0
and [|4%y,] 0. With w,=y,—ady, (@>0) we now would have
|wal] £14a|4]| and

0 = Reddw,,w,>
Re <Aym yn> —-a " Ayn ”2 —aRe <A2ym wn>
Al —ap® + o[ 4%, ] (1 + ] 4])
which would be a contradiction for « > | A]/8* and n so large that the third

| A<y, x>

IA
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term is negligible. Thus, || 4™x,| — 0 for m = 2 implies | 4" 'x,| - 0 and
(d) follows by induction on m. |
We shall need the following results for bounded closed sets S in the plane.

LemMA 2. (a) There is a unique minimal center q(S) such that the closed
disk D(S) = {p:|p — 4(S)| £ #(S)} contains S.

(b) Letting S* be the convex hull of S, one has q(S)e S*.

(c) Letting S° = SN 0OD(S), one has D(S) = D(S°).

REMARKS. It is interesting to note that these results hold for spaces more
general than the plane. (a) has already been observed and holds in any uniformly
convex Banach space; c,f., [1]. (b)is known to hold in any 2-dimensional Banach
space in which D(S) is uniquely defined and in any Hilbert space (in fact, for
dimensions greater than 2 it is known to characterize Hilbert space). (¢) holds
in uniformly convex Banach spaces if S is compact; it asserts that D(S) is deter-
mined by ‘extreme points’ of S. For proofs, we refer the reader to, e.g., the pre-
liminary version [3] of this paper.

3. We are now ready to prove (2) for normal-like operators 4 on H. It may
be remarked that (2) can be shown equivalent to the existence of an aev {x,,}
of P associated with | P such thati (x,,Ux,> -0, where UP is the polar
decomposition of [4 — z(4)].

THEOREM 2. Let A be a bounded normal-like linear operator on the Hilbert
space H. Then (2) holds (i.e., y(4) = n(A4) = r*(c(4)).

Proof. Without loss of generality we Kmay assume 2z(4)=0 and
r}(o(A)) = n,(A) = 1so that D(c(4))is just the unit disk D, centered at 0. Letting
6o = {ze0o(4): lzl = 1}, it follows from the above and from (c) of Lemma 2
that D(c,) = D, and from (b) of Lemma 2 that O is in the convex hull of g4.
Thus, there is a finite subset {4y, -+, 4¢}.0f g and positive real numbers {c,, -, cx}
such that

0 = X, ¢k, X = 1.
Clearly, each 4, is not only a boundary point of a(4) but,as w(4) = {z: z = 4|}
which is just D, by the definitions of n,(4) and of z(4), each 4, lies in dw(4).
By Theorem 1 it now follows that, for any & > 0, there are {x4,++sxx} in H such
that

[x] =1, [A=2)x] Se [<xpxp|Se for j#k.



Vol. 7, 1969 NORMAL-LIKE OPERATORS 253

Now set
x=Xx,= XX, y= XchX.
k k
Then 2
|1 = [x[*] = |t = Ze [xl] = Z ez xo]
k j*k
S oo pxnd| £ KK-1De,
j*k
”Ax—.VH = zk:ck"(A"‘/lk)xk” = Ke,
and
”yllz = % G I’lklzll X ”2 - jz;‘cjcklljlkl |<xjsxk>|
21-¢ X 21—KK- 1.
J#k
Thus, since 1 2 [|Ax|| 2 |y| - | 4x —y|, we have [A4x,|>—>1 as e~0.
At the same time,
|<X,Y>| = %cl?}“k”xkuzl + j§kcjck|}'kl l<xj’xk>l
=0+ X cjckl <xjaxk>| < K(K —-1)
J#k
so that

[ v AxD| £ [ pd] + [<xdx = p)| £ K.

We have y(4) < n,(4) =1 and the estimates above for x = x, show that
yWA;x) = 1 as >0 s0 y(4) =1 = ny(4). |

I should like to acknowledge the referee’s observation that (2) may be formulated
as a ‘minimax principle’, restating it in the form

29 sup,inf, | A,x|| = infsup, | A.x|
(taken for x € H with | x|| = 1 and zeC). This follows on noting that
inf, | 4x[? = [ Ax[? - [<Ax x> 7 = 9(4;%)

(J x]| = 1). The validity of (2') might now be considered for operators on a

general Banach space.
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